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Abstract
We consider quantum quenches in the so-called q-boson lattice model. We argue that the
Generalized Eigenstate Thermalization Hypothesis holds in this model, therefore the Gener-
alized Gibbs Ensemble (GGE) gives a valid description of the stationary states in the long
time limit. For a special class of initial states (which are the pure Fock states in the local
basis) we are able to provide the GGE predictions for the resulting root densities. We also
give predictions for the long-time limit of certain local operators. In the q → ∞ limit the
calculations simplify considerably, the wave functions are given by Schur polynomials and
the overlaps with the initial states can be written as simple determinants. In two cases we
prove rigorously that the GGE prediction for the root density is correct. Moreover, we calcu-
late the exact time dependence of a physical observable (the one-site Emptiness Formation
Probability) for the quench starting from the state with exactly one particle per site. In the
long-time limit the GGE prediction is recovered.
1 Introduction
The problems of equilibration and thermalization of closed quantum systems have at-
tracted considerable interest recently [1, 2]. One of the central questions is whether the
principles of statistical physics can be derived from the unitary time evolution of the quan-
tum system. Research in this field has been motivated partly by new experimental techniques
(for example with cold atoms [3]) where an almost perfect isolation from the environment
can be achieved, and therefore equilibration induced by the system itself can be studied.
Equilibration in a quantum mechanical system means that the expectation values of phys-
ical observables approach stationary values in the long time limit. Thermalization happens
when these coincide with predictions obtained from a thermal ensemble. One dimensional in-
tegrable models comprise a special class of systems which possess a family of higher conserved
charges in addition to the usual ones. These extra conservation laws prevent thermalization in
the usual sense. Instead, it was proposed in [4] that the stationary values of local observables
should be described by the Generalized Gibbs Ensemble (GGE). This ensemble includes all
the charges with Lagrange-multipliers fixed by the mean values of the charges in the initial
state.
Since its inception the idea of the GGE has attracted considerable interest and sparked
many discussions. A large body of numerical evidence for its validity was found in the lattice
model of hard-core bosons [4, 5, 6, 7] (see also [8]) and it was proven to be true in free
theories or models equivalent to free fermions [9, 10, 11, 12, 13, 14, 15, 16]. However, it was
found in [17] that in the interacting spin-1/2 XXZ chain the GGE (built on the strictly local
charges) gives different predictions than the Quench Action (QA) method [18], which (as
opposed to the GGE) is built on first principles and does not involve any assumptions or
approximations. Furthermore conclusive evidence was found in a case of a specific quench
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problem in [19] that while the predictions of the QA method coincide with results of real-time
simulations, the GGE predictions [20, 21, 22] are not correct.
It was argued in [6] that equilibration to the GGE predictions can be explained by the
Generalized Eigenstate Thermalization Hypothesis (GETH), which roughly states that if
there are two states which have almost the same mean values of the conserved charges, then
local correlations in the two states should be also close to each other. If the GETH holds
than the GGE is valid for quenches from any initial state satisfying the cluster decomposition
principle. It was recently shown in [23] that the failure of the GGE in the XXZ spin chain
can be attributed to the failure of the GETH. It was argued in [23, 24] that this is a generic
property of integrable models with multiple particle species.
The question remains whether the GETH and the GGE can be correct in any genuinely
interacting integrable model. To find an example one should certainly look for models with
one particle type. An obvious choice would be the Lieb-Liniger (LL) model, which is a contin-
uum theory of 1D interacting bosons [25]. Quenches in the LL model have been investigated
in a number of papers recently [26, 27, 28, 29, 30, 31, 32, 33, 34]. However, it was found in
[29] that for an interaction quench from zero to finite coupling the expectation values of the
higher charges are divergent, and therefore the GGE can not be defined in that case. The
problem was circumvented by applying a lattice regularization using the so-called q-boson
model [35, 36, 37]. The QA solution of this interaction quench was later given in [31], where
it was argued that the GGE can not be correct in the LL model due to the aforementioned
divergences and the observed logarithmic singularities in the Bethe root densities, which can
not be captured by the GGE.
In this paper we investigate quantum quenches in the q-boson model, without the goal
of taking the continuum limit towards the Bose gas. In this lattice model there is only one
particle type in the spectrum, and the infinities encountered in the LL model do not appear
here. Therefore it is an ideal testing ground for the GETH and the GGE.
The paper is organized as follows. In Section 2 we review the Bethe Ansatz solution of
the model and the construction of the higher conserved charges. In 3 we construct the GGE
density matrix for this model and argue that the GETH holds, therefore the GGE is valid.
In 4 we consider specific quench problems and provide the GGE predictions for a class of
initial states. The q → ∞ limit of the model is investigated in 5, where the equilibrium
properties of the model are established. Quenches in the q → ∞ limit are investigated in 6,
where we confirm the GGE predictions in two simple cases by analyzing the exact overlaps.
Also, we derive an analytic formula for the time dependence of a simple physical observable,
the one-site Emptiness Formation Probability. The long-time limit of this quantity is found
to agree with the GGE prediction. The q = 1 limit of the model (the case of free bosons) is
considered in 7. Finally, Section 8 includes our conclusions, a number of remarks about our
results, and a list of open problems.
2 The model and its Bethe Ansatz solution
Consider a lattice consisting of L sites such that the configuration space of each site is a
single bosonic space. Let us define the canonical Bose operators bj , b
†
j , Nj acting on site j
by the usual commutation relations
[bj , b
†
k] = δj,kNk [Nj , bk] = −δj,kbk [Nj , b†k] = −δj,kb†k.
The action of these operators on the local states |n〉j , n = 0 . . .∞ is given by
bj |n〉j =
√
n|n− 1〉j b†j |n〉j =
√
n+ 1|n+ 1〉j Nj|n〉j = n|n− 1〉j .
We also define the operators B†j , Bj by their action
Bj |n〉j =
√
[n]q|n− 1〉j B†j |n〉j =
√
[n+ 1]q|n+ 1〉j ,
where
[x]q =
1− q−2x
1− q−2 .
2
The parameter q is an arbitrary real number. In the present work we will consider the cases
q ≥ 1 and we will use the parametrization q = eη, η > 0. It is easy to check that the following
commutation relations hold:
[Nk, Bk] = −Bk [Nk, B†k] = −B†k [Bk, B†k] = q−2Nk
These equations are the defining relations of the so-called q-boson algebra [38]. The canonical
Bose operators are recovered in the q → 1 limit:
lim
q→1
Bk = bk lim
q→1
B†k = b
†
k.
The q-boson Hamiltonian is defined as
H = −
L∑
j=1
(B†jBj+1 +B
†
j+1Bj − 2Nj), (2.1)
where periodic boundary conditions are assumed. Even though the Hamiltonian (2.1) has
the form of a free hopping model, there are interactions between the particles due to the
fact that the B and B† are not the canonical Bose operators and the hopping amplitudes
depend on the local occupation numbers. The model can serve as a lattice regularization of
the Lieb-Liniger model [35, 36, 37, 39, 29]; however, in the present work we focus on the
lattice model only.
The q-boson Hamiltonian was solved in [35] by the Algebraic Bethe Ansatz (ABA). The
coordinate Bethe Ansatz wave functions were later calculated in [40]; they are given by
Hall-Littlewood functions. Here we review the (ABA) solution, our exposition follows that
of [39].
Let us consider an auxiliary space V = C2 and define the so-called Lax operator, which is
a matrix in auxiliary space with matrix elements being operators in the bosonic Fock spaces:
L(λ) =
(
eλ χB†
χB e−λ
)
.
Here λ is the rapidity parameter and χ2 = 1 − q−2. The Lax operator satisfies the Yang-
Baxter equation
R(λ− µ)(L(λ)⊗ L(µ)) = (L(µ)⊗ L(λ))R(λ− µ) (2.2)
with the R-matrix
R(u) =


sinh(u+ η) 0 0 0
0 sinh(η) q sinh(u) 0
0 q−1 sinh(u) sinh(η) 0
0 0 0 sinh(u+ η)

 .
The central object of the ABA is the monodromy matrix, which is given by
T (λ) = LL(λ)LL−1(λ) . . . L1(λ) =
(
A(λ) B(λ)
C(λ) D(λ)
)
. (2.3)
It follows from (2.2) that the monodromy matrix satisfies the RTT-relation
R(λ− µ)(T (λ)⊗ T (µ)) = (T (µ)⊗ T (λ))R(λ− µ). (2.4)
A direct consequence of (2.4) is that the transfer matrix defined as
τ(λ) = Tr T (λ) = A(λ) +D(λ)
satisfies
[τ(λ), τ(µ)] = 0. (2.5)
It is easy to see that
lim
λ→−∞
(
eLλτ(λ)
)
= 1. (2.6)
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The properties (2.5) and (2.6) enable us to obtain a commuting set of local charges by
expanding the logarithm of the transfer matrix around the point λ = −∞. We define
Im =
1
(2m)!
(
∂
∂ξ
)2m
log
(
ξLτ(ξ)
)∣∣
ξ=0
, (2.7)
where ξ = eλ. It follows from the definition of the transfer matrix and the form of the Lax
operator that Im is a sum of local operators which span at most m + 1 sites. The first two
examples are
I1 = χ
2
∑
j
B†jBj+1
I2 = χ
2(1− χ
2
2
)
∑
j
(B†jBj+2 −
χ2
2− χ2B
†
jB
†
jBj+1Bj+1 − χ2B†jB†j+1Bj+1Bj+2).
(2.8)
A formula for I3 is also given in [39].
These operators are not Hermitian. It is useful to define the charges with negative indices
as their adjoint:
I−n = (In)
†.
They can be obtained by expanding the transfer matrix around λ =∞.
The particle number operator
N =
∑
j
Nj
commutes with all of the charges, which follows from the fact that the transfer matrix
only includes terms with an equal number of B† and B operators. We define I0 ≡ N . The
Hamiltonian can then be written as
H = −I1 + I−1
χ2
+ 2I0.
Eigenstates of the system are constructed using the B-operators of the monodromy ma-
trix:
|{λ}N〉 =
N∏
j=1
B(λj)|0〉, (2.9)
where |0〉 is the Fock vacuum. The parameters λj are the rapidities of the interacting bosons.
A state of the form (2.9) is an eigenstate of the transfer matrix if the rapidities satisfy the
Bethe equations:
e2Lλj
∏
k 6=j
sinh(λj − λk + η)
sinh(λj − λk − η) = 1. (2.10)
The eigenvalues of the transfer matrix on the Bethe states are
τ(u)|{λ}N 〉 = 1
qN

eLu N∏
j=1
f(u, λj) + e
−Lu
N∏
j=1
f(λj , u)

 |{λ}N 〉, (2.11)
where
f(u) =
sinh(u+ η)
sinh(u)
Eigenvalues of the local charges are easily obtained using the definition (2.7). It is easy to
see that they can be expressed as sums of single particle eigenfunctions:
Im|{λ}N 〉 =
N∑
j=1
im(λj), (2.12)
where
im(λ) =
1
(2m)!
(
∂
∂ξ
)2m
log (f(λ, log(ξ)))|ξ=0 .
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In (2.12) we used that the charge Im only exists in lattices with L > m, therefore it is
enough to keep the second term from (2.11). Using the substitution eλ = a the derivatives
are calculated easily:
im(λ) =
1
(2m)!
(
∂
∂ξ
)2m [
log(1− ξ2/(a2q2))− log(1− ξ2/a2)]∣∣
ξ=0
=
1
m
(
− 1
(aq)2m
+
1
a2m
)
=
1
m
(1− q−2m)e−2mλ.
It is useful to parametrize the rapidities as λ = ip/2. This way the Bethe equations take
the form
eipjL
∏
k 6=j
sin((pj − pk)/2− iη)
sin((pj − pk)/2 + iη) = 1. (2.13)
In the case of η > 0 considered in the present work all solutions to (2.13) are real numbers
and they can be chosen to lie in the interval [−π, π].
In terms of the p-variables the single particle eigenvalues of the charges take the form
im(p) =
1
|m| (1− q
−2|m|)e−imp.
The single particle energy is
e(p) = 4 sin2(p/2).
The p-variables are the physical pseudo-momenta on the lattice, because the single particle
eigenvalue for the translation by one-site is eip.
For the sake of completeness we note that the local q-boson operators at sites 1 and L
can be reconstructed from the off-diagonal elements of the monodromy matrix as
lim
λ→∞
(
e−(L−1)λB(λ)
)
= χB†1 lim
λ→−∞
(
e(L−1)λB(λ)
)
= χB†M
lim
λ→∞
(
e−(L−1)λC(λ)
)
= χBM lim
λ→−∞
(
e(L−1)λC(λ)
)
= χB1.
(2.14)
However, there are no such formulas for the other local q-boson operators and the general
solution of the so-called “quantum inverse problem” [41, 42] is not known.
2.1 Thermodynamic limit
We will be interested in physical situations where there is a large number of particles in
a large volume such that the particle density is finite. As usually we introduce the densities
of Bethe roots ρr(p) and holes ρh(p) such that in a large volume the total particle density is
given by
N
L
=
∫ π
−π
dp
2π
ρr(p).
It follows from the Bethe equations that
ρr(p) + ρh(p) = 1 +
∫
du
2π
ϕ(p− u)ρr(u) (2.15)
with
ϕ(u) =
sinh(2η)
cosh(2η)− cos(u) . (2.16)
Expectation values of the charges in the thermodynamic limit are then calculated as
〈Im〉
L
=
∫ π
−π
dp
2π
ρr(p)im(p) =
1− q−2|m|
|m|
∫ π
−π
dp
2π
ρr(p)e
−imp. (2.17)
It is a special property of this model that the local charges measure the Fourier components
of the root distribution.
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3 Quantum quenches and the Generalized Gibbs Ensem-
ble in the q-boson model
We are interested in non-equilibrium situations in the q-boson model. We assume that at
t = 0 the state is prepared in the initial state
|Ψ(t = 0)〉 = |Ψ0〉,
which is not an eigenstate of the Hamiltonian. It can be the ground state of a local Hamil-
tonian, or any other state prepared according to certain rules. Examples will be given in
Section 4.
The time evolution of physical observables is given by
〈O(t)〉 = 〈Ψ0|eiHtOe−iHt|Ψ0〉.
We are interested in the large time behaviour of the observables in the thermodynamic limit.
Neglecting degeneracies in the spectrum the long-time average in a finite volume case can be
written as
lim
T→∞
∫ T
0
dt 〈O(t)〉 =
∑
n
|cn|2〈n|O|n〉, cn = 〈n|Ψ0〉. (3.1)
The sum over eigenstates on the r.h.s. above can be interpreted as a statistical physical
ensemble, and it is called the Diagonal Ensemble (DE). The weights of the DE are given
by the squared overlaps with the initial state, and it is an important question whether the
predictions of the DE coincide with those of a statistical physical ensemble, at least in the
thermodynamic limit. The system thermalizes, if the DE gives the same mean values as a
canonical or grand-canonical Gibbs Ensemble (GE). This is the expected behaviour for a
generic non-integrable model.
The situation is different in integrable models, where the existence of the higher con-
served charges prevents thermalization. It was suggested in [4] that in these models the DE
predictions should agree with those of a Generalized Gibbs Ensemble (GGE) which includes
all higher charges.
In the case of the q-boson model the GGE density matrix can be defined as
ρGGE =
exp
(
−∑∞j=−∞ βjIj)
Tr exp
(
−∑∞j=−∞ βjIj) , (3.2)
where the Lagrange-multipliers are fixed by the requirement
〈Ψ0|Ij |Ψ0〉 = Tr (ρGGEIj) . (3.3)
We also require βj = β
∗
−j , such that ρGGE is Hermitian. This condition is consistent with
(3.3).
The GGE hypothesis states that for any local operator
lim
T→∞
∫ T
0
dt 〈O(t)〉 = Tr (ρGGEO) .
Time averaging is only required in finite volume, and it can be omitted in the infinite volume
limit.
The GGE was proven to be correct for free theories or models equivalent to free fermions
[4, 5, 6, 7, 8, 13, 14, 43, 44, 16], but counterexamples were found in [17, 19] in the case of
the XXZ spin chain. It is open question whether the GGE holds in other interacting models,
and what the precise conditions are for its validity.
In [6] it was proposed that the GGE is valid whenever the Generalized Eigenstate Ther-
malization Hypothesis (GETH) holds. This hypothesis states that the mean values local
operators in the excited states only depend on the mean values of the charges. In other
words, if two excited states have mean values of the charges that are close to each other,
then all local correlations in the two states will be close as well. Given that the initial state
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satisfies the cluster decomposition principle, the Diagonal Ensemble (3.1) will be populated
by states which have the same conserved charges as the initial state, such that the mean de-
viation for the densities of the charges becomes zero in the thermodynamic limit [6, 23]. On
the other hand, the GGE density matrix (3.2) produces states with the prescribed charges
by definition. Therefore, if the GETH holds then the two ensembles give the same results
for the local operators, because the dominating states of both ensembles will have the same
local correlations. This is the reason why the validity of the GGE follows from the GETH
[6]. We stress that the weights |cn|2 of the DE need not be directly related to the generalized
Boltzmann-weights of the GGE.
We now argue that the GETH is valid in the repulsive q-boson model. In this model
there is only one particle type in the spectrum, and the density of Bethe roots is described
by a single function ρr(p). According to (2.17) the conserved charges measure the Fourier
components of ρr(p) and the root density can be reconstructed from the charges as
ρr(p) =
1
L

〈N〉+ ∞∑
j=1
j(eijp 〈Ij〉+ e−ijp 〈I−j〉)
1− q−2j

 . (3.4)
The charges thus uniquely determine the root density, and in order to prove the GETH we
need to show that in the thermodynamic limit the local correlators only depend on ρr(p).
We are not able to prove this statement in full generality, but experience with other Bethe
Ansatz solvable models suggests that it is in fact true. In subsection 3.1 we prove it for a
class of non-trivial local operators.
With this we have established that the GETH holds in the q-boson model. As a conse-
quence, the GGE should also hold for any initial state satisfying the cluster decomposition
principle.
Equation (3.4) shows that the charges uniquely determine the root density and there is
no need to obtain explicit expressions for the Lagrange-multipliers entering the GGE density
matrix. However, for the sake completeness we show how to compute them.
The standard Thermodynamic Bethe Ansatz treatment of the GGE density matrix (3.2)
leads to the generalized TBA equations [45]:
ε(p) = β0 +
∞∑
m=1
1− q−2m
m
(βme
−imp + β∗me
imp)−
∫ π
−π
du
2π
ϕ(p− u) log(1 + e−ε(u)), (3.5)
where ε(p) is the pseudoenergy defined as
eε(p) =
ρh(p)
ρr(p)
(3.6)
After the root density is obtained directly from (3.4), the hole density can be calculated from
(2.15). Substituting both functions into the equation
β0 +
∞∑
m=1
1− q−2m
m
(βme
−imp + β∗me
imp) =
log
(
ρh(p)
ρr(p)
)
+
∫ π
−π
du
2π
ϕ(p− u) log
(
ρr(p) + ρh(p)
ρh(p)
)
,
(3.7)
the Lagrange-multipliers are obtained simply by Fourier transformation. Note that all Lagrange-
multipliers have a finite well-defined value.
We wish to remark that on the lattice all charges have finite mean values, therefore the
problem of infinities encountered for interaction quenches in the continuum Bose gas [29, 31]
does not occur in the q-boson model. Also, equation (3.4) holds even if there are logarithmic
singularities in the root density, because such functions are still members of L2([−π, π]) and
therefore their Fourier series is well defined and converges almost everywhere. Logarithmic
singularities were encountered earlier in other models [31, 17], but in the q-boson model they
do not obstruct the validity of the GGE.
In the following subsection we show how to compute the GGE predictions for a set of
simple local observables. Specific quench problems are considered in Section 4.
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3.1 Local correlators in the GGE
For the q-boson model there are no results in the literature for the excited state mean
values of short range correlation functions. Here we apply the Hellmann-Feynman theorem
[46] to compute mean values of certain local operators in states with arbitrary root density
ρr(p). The GGE predictions are then calculated by substituting the root density obtained
from (3.4) into the results presented below. The method we apply was previously developed
independently in [47] and [17].
As a first example consider the Hermitian operator
J1 = B1B
†
2 +B
†
1B2,
which is the operator density for I1 + I−1. The finite volume mean values in an arbitrary
Bethe state are
〈Ψ|J1|Ψ〉 = 1
L
(1 − q−2)
N∑
j=1
2 cos(pj). (3.8)
We use the Hellmann-Feynman theorem to obtain the mean values of the operator
J ′1 =
∂
∂η
(B1B
†
2 +B
†
1B2) = E1B
†
2 + E
†
1B2 +B1E
†
2 +B
†
1E2,
where E† = ∂B†/∂η and E = ∂B/∂η are defined by their action on the Fock states:
Ej |n〉j =
√
[n]′q|n− 1〉j E†j |n〉j =
√
[n+ 1]′q|n+ 1〉j ,
where
[x]′q =
∂
∂η
[x]q =
2xq−2x
1− q−2 +
2(1− q−2x)q−2
(1 − q−2)2 .
Taking the derivative of (3.8) with respect to η = log(q) leads to
〈Ψ|J ′1|Ψ〉 =
1
L
2q−2
N∑
j=1
2 cos(pj) +
1
L
(1 − q−2)
N∑
j=1
(−2 sin(pj))dpj
dη
.
The derivatives
dpj
dη can be obtained from the logarithmic form of the Bethe equations:
pj l +
∑
k 6=j
−i log sin((pj − pk)/2− iη)
sin((pj − pk)/2 + iη) = 2πIj . (3.9)
The quantum numbers Ij ∈ Z specify the state and can not change as we vary η, therefore
L
dpj
dη
+
∑
k 6=j
ϕ(pj − pk)
(
dpj
dη
− dpk
dη
)
+
∑
k 6=j
ϕ˜(pj − pk) = 0, (3.10)
where ϕ(p) is given by (2.16) and
ϕ˜(p) = − 2 sin(p)
cosh(2η)− cos(p) .
In a large volume
dpj
dη ≈ f(pj), where f(p) is the so-called shift function. It follows from
(3.10) that it satisfies
f(p) +
∫
du
2π
ϕ(p− u)ρr(u)(f(p)− f(u)) +
∫
du
2π
ρr(u)ϕ˜(p− u) = 0.
Using (2.15) we obtain
f(p)(ρr(p) + ρh(p))−
∫
du
2π
ϕ(p− u)ρr(u)f(u) +
∫
du
2π
ρr(u)ϕ˜(p− u) = 0. (3.11)
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This linear equation uniquely determines f(p).
Finally, the mean value of J ′1 is expressed as
〈Ψ|J ′1|Ψ〉 = 4q−2
∫
dp
2π
cos(p)ρr(p)− 2(1− q−2)
∫
dp
2π
sin(p)f(p)ρr(p). (3.12)
Completely analogous results hold if we apply the Hellmann-Feynman theorem to the re-
maining higher charges. Defining Jm to be the operator density of the Hermitian combination
Im + I−m we obtain
〈Ψ|J ′m|Ψ〉 = 4q−2m
∫
dp
2π
cos(mp)ρr(p)− 21− q
−2m
m
∫
dp
2π
sin(mp)f(p)ρr(p), (3.13)
where J ′m =
∂
∂ηJm and the shift function is given by the solution of (3.11). We refrain
from writing down the J ′m in terms of local operators, as they are easily obtained from the
expressions of the charges Im
1. We just stress that all J ′m are non-trivial local operators
which span at most m+ 1 sites.
4 GGE for a class of initial states
In this section we derive the GGE solution for a special class of initial states, which
are given as tensor products of one-site particle number eigenstates. Translationally invari-
ant cases are considered in 4.1, whereas 4.2 deals with states that break the translational
invariance.
4.1 Translationally invariant cases
We consider the states |Fn〉 in which there is exactly n particle at each site:
|Fn〉 = ⊗Lj=1|n〉j , n > 0.
They are not eigenstates of the q-boson Hamiltonian. They can be considered as ferromag-
netic states pointing in a certain direction in the infinite dimensional Fock space. Also, they
are the ground states of the infinitely repulsing Bose-Hubbard model at a given integer fill-
ing. The physically most relevant case is |F1〉 which is a state of uniform particle density 1.
Quantum quenches in the Bose-Hubbard model with initial state |F1〉 were studied in [48].
In the following we evaluate the q-boson GGE predictions for quenches starting from the
|Ψ0〉 = |Fn〉. First we compute the expectation values of the charges, then we reconstruct
ρ(p) from (3.4), and finally we give predictions for the local operators introduced in the
previous section.
It is easy to see that all charges Im, m > 1 are built from local operators which have the
form
(B†j1)
n1 . . . (Bj2 )
n2 , (4.1)
such that j2 > j1, n1, n2 > 0 and the dots stand for operators acting on sites jk with j2 >
jk > j1. In other words, the leftmost and rightmost operators are “unpaired”: a combination
of the form B†jkBjk can only occur in the middle, but never on the two ends of the operator
product. This follows simply from the definition of the transfer matrix (2.3): regarded as a
power series in e−λ the transfer matrix has terms of the form
(B†j1 ) . . . (Bj2 ),
and after formally taking the logarithm only terms of the form (4.1) can arise.
As a consequence we obtain the remarkably simple result
〈Fn|Im|Fn〉 = 0,
1At present there are no closed form results known for Im with arbitrary m. The cases m = 2 and m = 3 were
computed in [39], the m = 2 case is given in eq. (2.8). Therefore, at present explicit expressions can be written
down only for J ′1, J
′
2 and J
′
3. Higher charges and higher J
′
m
could be computed from the definition (2.7).
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which follows from j〈n|(Bj)k|n〉j = 0 for arbitrary n, k and site j.
Applying (3.4) we find that in the quantum quench starting from the state |Fn〉 the
resulting root density is constant and given simply by the total particle density:
ρr(p) = n
The hole density can be calculated from (2.15):
ρh(p) = 1,
where we used
∫ π
−π
dp
2πϕ(p) = 1. The filling fraction for these states is therefore
ρr(p)
ρr(p) + ρh(p)
=
n
1 + n
A physical interpretation can be given as follows. In the initial states |Fn〉 all particles have
well-defined positions. The initial states are not eigenstates, so the real-time dynamics of the
system is non-trivial. Due to the initial sharp localization in real space we can expect that
the eigenstates contributing to the dynamics will be spread out maximally in momentum
space. Finding a completely constant root density in an interacting system is remarkable
nevertheless, and it is a special property of the system and the initial states chosen.
It is very easy to give predictions for the long-time limit of the local operators J ′m defined
in the previous section. If ρr(p) is constant then the unique solution of (3.11) is f(p) = 0,
and from (3.13) we obtain
lim
t→∞
〈J ′m(t)〉 = 〈ρGGEJ ′m〉 = 0.
The operators J ′m are special in the sense that they also have zero mean value in the initial
states:
〈J ′m(0)〉 = 〈Ψ0|J ′m|Ψ0〉 = 0.
This follows from the fact that their structure is essentially the same as those of the charges.
However, they are not conserved in time. For example it can be checked easily that
d
dt
〈J ′1(t)〉
∣∣∣∣
t=0
= i〈Ψ0|[H, J ′1]|Ψ0〉 6= 0.
Therefore the prediction that all 〈J ′m(t)〉 approach zero in the long-time limit is a highly
non-trivial statement, and it can be used as a test of the GGE.
For the sake of completeness we compute the Lagrange-multipliers for this GGE. All
relevant functions are constant and from (3.7) we obtain
β0 = log
1 + n
n
, and βm = 0 for m 6= 0. (4.2)
To conclude this subsection we remark that any small departure from the sharp localiza-
tion of the one-site particle numbers changes the resulting root densities. For example if the
initial state is given by
|Ψ0〉 = ⊗Lj=1
|1〉j + α|0〉j√
1 + |α|2 ,
then the mean values of the two simplest charges are
〈Ψ0|I1|Ψ0〉 = 〈Ψ0|I−1|Ψ0〉 = χ2 |α|
2
(1 + |α|2)2 .
According to (3.4) the root density ρ(p) will have a non-vanishing first Fourier component
for any α 6= 0.
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4.2 Breaking translational invariance
Let us define initial states which are not translationally invariant, but still have fixed
one-site particle numbers. As examples we consider the states
|F10〉 = ⊗L/2j=1
(|1〉2j ⊗ |0〉2j−1) and |F20〉 = ⊗L/2j=1 (|2〉2j ⊗ |0〉2j−1). (4.3)
These states are invariant under translation by two sites. It is an important question whether
the full translational invariance gets restored in the long-time limit. In Section 7 we consider
the free boson theory (q = 1) and demonstrate on a few simple examples that mean values
of local operators become translationally invariant indeed. In the cases q > 1 most of the
hopping amplitudes in the Hamiltonian are smaller than in the free case, but the particles
can still hop from any site to its neighbours irrespective of the occupation number. Also,
there is no one-site potential or any other term in the Hamiltonian which could “freeze” the
artificial order of the initial state. Therefore we conjecture that translational invariance gets
restored for any q ≥ 1.
The GGE predictions for the steady state are derived easily. Mean values of the charges
Im, m > 1 are all zero due to the same reasons as in the previous subsection. Therefore the
resulting root densities are constant and only depend on the average particle number. For
example ρ(p) = 1/2 and ρ(p) = 1 for |F10〉 and |F20〉, respectively.
It follows from our considerations that the predictions of the GGE are completely the
same for any two initial states, if both are products of one-site particle number eigenstates
and the overall particle density is the same. For example the initial states |F1〉 and |F20〉
should lead to the same long-time limit for any local quantity. This is a surprising statement,
and it can be used as a check of the GGE.
5 Large q limit: Equilibrium properties
In this section we treat the q →∞ limit of the model. We review the special properties of
this limiting case, and also establish new results for a specific local operator: the Emptiness
Formation Probability. These results serve as a basis to study quantum quenches in the large
q limit, which is considered in the next section.
In the q →∞ limit the local q-boson operators behave as
Bj → φj B†j → φ†j ,
where the operators φj , φ
†
j are defined by their action
φj |n〉j = |n− 1〉j φ†j |n〉j = |n+ 1〉j .
The Lax-operator is written as
L(λ) =
(
eλ φ†
φ e−λ
)
.
and the Hamiltonian is
H = −
L∑
j=1
(φ†jφj+1 + φ
†
j+1φj − 2Nj). (5.1)
This model attracted considerable attention, partly because it is closely related to the com-
binatorial problem of plane partitions [49, 50, 51, 52]. In the literature it is often called the
phase model.
The Algebraic Bethe Ansatz solution was first given in [53], where equilibrium correlation
functions were computed as well. The coordinate space wave functions were first computed
in [49], where it was shown that they are given by Schur polynomials. In our notations the
coordinate Bethe Ansatz wave function can be written as
|{p}N〉 =
N∏
j=1
B(λj)|0〉 =
∑
1≤x1≤x2≤...xN≤L
CN (x1, . . . , xN )φ
†
x1 . . . φ
†
xN |0〉, (5.2)
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where the coefficients are
CN (x1, . . . , xN ) =
1(∏
j e
λj
)L+1 detN
(
(aj)
k+xk
)
detN
(
(aj)k
) , (5.3)
where
aj = e
2λj = eipj .
The Bethe equations take the following simple form:
(aj)
L+N = (−1)N−1
N∏
k=1
ak. (5.4)
This can be obtained from the q → ∞ limit of (2.10), or directly from the ABA developed
for the phase model [53].
If the rapidities satisfy the Bethe equations, then the norm of the Bethe state (5.2) is
〈{p}N |{p}N〉 = L(L+N)(N−1)
∏
i<j
|ai − aj |−2. (5.5)
This result was obtained in [53] using the Algebraic Bethe Ansatz, whereas in [49] it was
shown that it follows from certain properties of the Schur polynomials. The energy eigenvalues
are given by
EN =
N∑
j=1
e(pj) where e(p) = 4 sin
2(p/2),
whereas the eigenvalues for the higher charges are
〈Im〉 = 1|m|
N∑
j=1
e−impj . (5.6)
We also note that in the thermodynamic limit the relation between the root and hole densities
is simply
ρr(p) + ρh(p) = 1 + n, (5.7)
which follows from the q →∞ limit of (2.15) or directly from the Bethe equations (5.4).
Results for correlation functions were also computed in [53] and [49, 50, 51]. Here we
consider the m-site Emptiness Formation Probability (EFP), which is the probability to
have zero occupancy number on m neighbouring sites. We derive new formulas for the one-
site and two-site EFP in arbitrary excited states. These results are used in the next section
to give the GGE predictions in the quench problems.
Let us define the operators Πj which project to the zero-particle state on site j. Their
action is simply
Πj |n〉j = δn,0|0〉j .
The m-site EFP operator is given by
E(m) =
m∏
j=1
Πj .
In [53] it was shown that the normalized m-site EFP in a Bethe state is
〈{p}N |E(m)|{p}N〉 = (1 + n) detY (m) (5.8)
with
Y
(m)
jk = δj,k −
1
L
1
1 + n
sin(m+12 (pj − pk))
sin(12 (pj − pk)
and n = N/L. The thermodynamic limit of this expression is a Fredholm determinant.
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Here we consider the two simplest casesm = 1 and m = 2 and show that the determinant
can be expressed using single sums over the particles. In the thermodynamic limit we thus
obtain the EFP’s as sums of products of simple integrals. This is a huge simplification as
opposed to the original result of a full Fredholm determinant. For simplicity we only consider
states with zero total momentum, but this does not change the conclusions.
In the m = 1 case we have
Y
(1)
jk = δj,k −
1
L
1
1 + n
2 cos(
1
2
(pj − pk)).
Multiplying the jth row with eipj/2 and the kth column with eipk/2 leads to
Y˜
(1)
jk = δj,kaj − Fjk, with Fjk =
1
L
1
1 + n
(aj + ak),
The matrix F has rank 2, therefore in the expansion of the determinant we only have terms
where at most 2 elements are chosen from F . This leads to
det Y˜
(1)
jk = 1−
N∑
j=1
1
L
1
1 + n
2−
∑
j<k
1
ajak
(
1
L
1
1 + n
)2
(aj − ak)2,
where we used
∏
j aj = 1. For the finite volume EFP we thus obtain
〈{p}N |E(1)|{p}N〉 = 1
1 + n
− 1
L2
1
1 + n
∑
j,k
aj
ak
.
Let us define renormalized higher charges as
Qm = |m| 〈Im〉
L
=
1
L
N∑
j=1
e−impj , (5.9)
where Im is given by (5.6). In the thermodynamic limit we have
Qm =
∫ π
−π
dp
2π
ρ(p)e−imp. (5.10)
Using this definition the one-site EFP is expressed simply as
〈
E(1)
〉
=
1
1 + n
(
1− |Q1|2
)
. (5.11)
Formula (5.11) is valid both in finite volume and in the thermodynamic limit. It is understood
that (5.9) or (5.10) has to be used depending on the situation.
We now calculate the two-site EFP. As a first step we write the corresponding determinant
as
detY
(2)
jk =
∏
j
a−2j × det Y˜ (2)jk ,
where now
Y˜
(2)
jk = δj,ka
2
j − Fjk , with Fjk =
1
L
1
1 + n
(a2j + ajak + a
2
k),
The matrix F has at most rank 3, because it is a sum of three matrices with rank 1. Therefore
in the expansion of the determinant it is enough keep terms where at most 3 elements are
chosen from F . This leads to
detY
(2)
jk =1−
N∑
j=1
1
L
1
1 + n
3 +
∑
j<k
1
L2
1
(1 + n)2
(
6− a
2
j
a2k
− a
2
k
a2j
− 2 aj
ak
− 2ak
aj
)
−
−
∑
j<k<l
1
L3
1
(1 + n)3
(
aj
ak
− ak
aj
)2(
aj
al
− al
aj
)2(
ak
al
− al
ak
)2
.
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After some tedious but elementary calculations we obtain the EFP as
〈{p}N |E(2)|{p}N〉 = 1
(1 + n)2
− 1
L2
2
(1 + n)2
∑
j,k
aj
ak
− 1
L2
1
(1 + n)2
∑
j,k
a2j
a2k
− 1
L3
1
(1 + n)2
∑
j,k,l
(
ajak
a2l
+
a2l
ajak
)
.
Using the definition (5.9) this can be expressed as
〈{p}N |E(2)|{p}N〉 = 1
(1 + n)2
(
1− 2|Q1|2 − |Q2|2 − ((Q−1)2Q2 + (Q1)2Q−2)
)
. (5.12)
This result remains valid in the thermodynamic limit if the definition (5.10) is used.
It is a special property of this system that the 1-site (or 2-site) EFP could be expressed
using the mean values of the first (or first two) charges, respectively, and that the EFP does
not depend on the other details of the states. We now argue that this is a general pattern:
the m-site EFP only depends on the first m charges and the overall particle density. Also we
show how to obtain the results (5.11) and (5.12) directly in the thermodynamic limit.
In [53] it was shown that the thermodynamic limit of the formula (5.8) is the Fredholm
determinant 〈
E(m)
〉
= (1 + n) det(1− Tˆ (m)),
where Tˆ (m) is an integral operator which acts on functions defined on [−π, π] as
(Tˆ (m)f)(p) =
∫ π
−π
dq
2π
T (m)(p, q)f(q),
where
T (m)(p, q) =
1
1 + n
ρ(y)K(m)(p, q) with K(m)(p, q) =
sin(m+12 (p− q))
sin(12 (p− q))
.
The Fredholm determinant can be expressed as
det(1− Tˆ (m)) =
∞∑
k=0
(−1)k
k!
1
(1 + n)k

 k∏
j=1
∫ π
−π
dpj ρ(pj)

 detΛ(m)k , (5.13)
where Λ
(m)
k is a k-by-k matrix with elements given by
(Λ
(m)
k )ab = K
(m)(pa, pb) =
ei
mpa
2
ei
mpb
2
+
ei
(m−2)pa
2
ei
(m−2)pb
2
+ · · ·+ e
i
mpb
2
ei
mpa
2
. (5.14)
Note that Λ
(m)
k is a sum ofm+1matrices with rank 1, therefore its determinant is identically
zero if k > m + 1. It is thus enough to keep the terms k ≤ m + 1 in (5.13), which can be
evaluated systematically using the formula (5.14). Note that for any 1 ≤ a ≤ k the variable
pa only appears in the ath row or the ath column of Λ
(m)
k . Therefore the highest power of
eipa to appear in the determinant is eimpa . It follows that the m-site EFP only depends on
the overall particle number and the charges Ql with |l| ≤ m.
6 Large q limit: Quantum Quenches
In this section we investigate the quantum quenches in the q →∞ limit of the system. In
two cases we prove rigorously that the GGE provides correct predictions for the stationary
states. For the quench from |Ψ0〉 = |F1〉 we also compute the exact time-dependence of the
one-site EFP.
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6.1 Quantum quench from |Ψ0〉 = |F1〉
We consider the quench starting from the initial state
|Ψ0〉 = |F1〉 = ⊗Lj=1|1〉j , (6.1)
and evaluate the predictions of the Diagonal Ensemble (3.1) in the thermodynamic limit. We
assume for simplicity that L is even.
The overlaps with the initial state are non-zero only if N = L and are given simply by
a particular component of the Bethe vector (5.2) with coordinates xk = k. Therefore, the
normalized and squared overlaps are
|〈F1|{p}N〉|2
〈{p}N |{p}N〉 =
1
N(2N)(N−1)
∣∣∣det((aj)2k)∣∣∣2 = 1
N(2N)(N−1)
∏
j<k
|a2j − a2k|2. (6.2)
In deriving (6.2) we used that |∏j aj | = 1.
The initial state is translationally invariant, therefore only states with
∏
j aj = 1 can
have a non-zero overlap. For these states the Bethe equations (5.4) are
a2Lj = −1.
Solutions are given by
aj = e
i
pi(2Ij−1)
2L , Ij = 1, 2, . . .2L.
The zero momentum Bethe states are thus given by the subsets
{a}L ⊂ {ω}2L, ωk = ei
pi(2k−1)
2L k = 1, 2, . . .2L
satisfying the constraint
∏
j aj = 1. The numbers ωk can be paired such that
{ω}2L = {(ωk,−ωk)}k=1...L.
It follows from formula (6.2) that the overlap is non-vanishing only if exactly one rapidity is
chosen from each pair. In any other case at least one factor in (6.2) would be zero. Therefore,
the states with non-vanishing overlap are given by
aj = sjωj, where sj = ±1, j = 1 . . . L, (6.3)
with the constraint that the total momentum is zero. We have
1 =
N∏
j=1
aj =
N∏
j=1
(sjωj) = e
iπN/2
N∏
j=1
sj . (6.4)
We assumed that N is even, therefore the equation above can be satisfied by choosing the
first N − 1 signs arbitrarily and then fixing sN accordingly. It follows that there are a total
number of 2N−1 states with non-vanishing overlap.
The overlaps are functions of the variables a2j , therefore they don’t depend on the signs
sj . As a consequence, all non-vanishing overlaps are equal and we obtain
|〈F1|{p}N〉|2
〈{p}N |{p}N〉 =
1
2N−1
. (6.5)
Comparing (6.5) to (6.2) we obtain the identity
∏
1≤j<k≤N
∣∣∣ei 2jpiN − ei 2kpiN ∣∣∣2 = NN . (6.6)
As a check of our calculations we prove this identity directly. The l.h.s. can be written as
∏
1<j 6=k≤N
∣∣∣ei 2jpiN − ei 2kpiN ∣∣∣ =

N−1∏
j=1
|1− ei 2jpiN |


N
.
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Therefore we need to show that
N−1∏
j=1
|1− ei 2jpiN | = N.
Consider the polynomial
N−1∏
j=1
(z − ei 2jpiN ) =
∏N−1
j=0 (z − ei
2jpi
N )
z − 1 =
zN − 1
z − 1 = 1 + z + z
2 + · · ·+ zN−1. (6.7)
In the second step we used that the product runs over all the roots of the polynomial zN −1.
Substituting z = 1 into (6.7) completes the proof of (6.6).
With the solution (6.3) we have found the characterization of the states with non-
vanishing overlaps. These overlaps are all equal, therefore all of these states have an equal
weight in the Diagonal Ensemble. In the thermodynamic limit the ensemble will be domi-
nated by those states where the signs sj are chosen randomly (without any particular pattern
depending on the rapidity), and this leads to a constant root density in rapidity space:
ρr(p) = 1.
This coincides with the prediction of the GGE for this particular initial state. For the hole
density we obtain ρh(p) = 1 from (5.7), and the filling fraction is 1/2. This is in agreement
with the description of the states in terms of (6.3).
We stress that even though the GGE prediction for the root density has been confirmed,
this does not mean that the Diagonal Ensemble is equal to the GGE. The GGE density
matrix produces all states with ρr(p) = 1, whereas the DE only includes those states which
satisfy the constraint a2j 6= a2k for j 6= k. However, mean values of local operators only depend
on the root density, therefore the two ensembles lead to the same predictions.
The Emptiness Formation Probability is a physical observable with a non-trivial time-
dependence. In the inital state
〈Ψ0|E(m)|Ψ0〉 = 0, m = 1, 2, . . .
The GGE predictions for the long time limit can be calculated using the results of the
previous section. For the two simplest cases we obtain from (5.11) and (5.12)
lim
t→∞
〈Ψ0|E(1)(t)|Ψ0〉 = 1
2
and lim
t→∞
〈Ψ0|E(2)(t)|Ψ0〉 = 1
4
.
In this particular quench problem it is possible to go further and compute the exact time
dependence of these quantities. In the following we derive an exact result for 〈Ψ0|E(1)(t)|Ψ0〉.
The computation of 2-site EFP is left for further work.
6.1.1 One-site EFP - Exact time evolution
Form factors of Em were calculated in both [53] and [49]. The matrix element between two
un-normalized off-shell Bethe states with arbitrary rapidities
∣∣{pB}N〉 and ∣∣{pC}N〉 reads
〈{pC}N ∣∣E(m)∣∣{pB}N〉 = 〈0|

 N∏
j=1
C(pCj )

E(m)

 N∏
j=1
B(pBj )

 |0〉 =
=
∏L
j=1 e
i(ipBj +p
C
j )/2∏
j<k(e
ipBj − eipBk )(eipCk − eipCj )
detT (m)({pC}N , {pB}N),
(6.8)
where
T
(m)
jk ({pC}N , {pB}N ) =
1
eip
C
k − eipBj
(
ei((2N+2L−1)p
C
k +p
B
j )/2−ei((2N+2L−2m−1)pBj +(2m+1)pCk )/2
)
.
16
If two rapidities coincide then the corresponding matrix element has to be evaluated using
the l’Hôpital rule. For example if pBj → pCk :
T
(m)
jk → (N + L−m− 1)ei(N+L−1)p
C
k . (6.9)
If all rapidities coincide then we obtain the diagonal matrix elements, which after normal-
ization and using the Bethe equations lead to (5.8).
In (6.8) the state on the l.h.s. is a dual vector, but it is not the complex conjugate of the
ket vectors. In fact we have the norm formula for on-shell states
〈0|
N∏
j=1
C(pj)
N∏
j=1
B(pj)|0〉 = eiPNL(L+N)(N−1)
∏
j 6=k
1
eipk − eipj , (6.10)
where P =
∑
j pj .
If both states are on-shell then
detT (1)({pC}N , {pB}N) = (N + L)N det T˜ (1)({pC}N , {pB}N),
with
T˜ (1)({pC}N , {pB}N) = F +G,
where
Fjk = −e
ipCk + eip
B
j
N + L
.
and
Gjk =
{
0 if pCk 6= pBj
e−ip
C
k if pCk = p
B
j
.
We assumed here that N is even. The matrix F has rank 2, therefore the determinant is
non-vanishing only if the rank of G is at least N − 2. This means that G must have at least
N − 2 elements, therefore at least N − 2 rapidities must coincide in the two states.
We consider the time evolution of the one-site EFP if the system is quenched from the
initial state (6.1). We parametrize the rapidities of states with non-vanishing overlaps as
pj = cj + ujπ, where cj =
π(2j − 1)
2L
and uj = 0, 1. (6.11)
The parameters uj can be chosen arbitrarily with the condition
1 =
N∏
j=1
eipj = eiπN/2eiπ
∑N
j=1 uj . (6.12)
The spectral expansion in a finite volume reads
〈Ψ0|E(1)(t)|Ψ0〉 =
∑
{uB}N
∑
{uC}N
eit
∑N
j=1(e(p
B
j )−e(p
C
j ))
2N−2
D
N∏
j=1
(e−ip
C
j /2e−3ip
B
j /2) det
N
T˜ (1)({pC}N , {pB}N),
(6.13)
where the parametrization (6.11) is implicit and D is a sign factor depending on the ordering
of the rapidities:
D =
√∏
j 6=k(e
ipBj − eipBk )(eipCk − eipCj )∏
j<k(e
ipBj − eipBk )(eipCk − eipCj )
.
The determinant is non zero if there are at least N − 2 coinciding rapidity pairs: pBj = pCk
with some j, k. Due to total momentum conservation there are only two possibilities: Either
the two states are exactly the same, or there are two rapidities which differ. We treat these
two cases separately.
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In the first case we have the diagonal elements
det
N
T˜ (1)({p}N , {p}N) = − 1
4N2
∑
j<k
(eipj − eipk)2
eipjeipk
=
1
2N2
∑
j<k
(1− cos(pj − pk)). (6.14)
Here we used (6.4) again. The contribution of these terms in (6.13) is∑
{u}N
1
2N−1
1
N2
∑
j<k
(1 − cos(pj − pk)).
Using the parametrization (6.11) we have∑
{u}N
1
2N−1
1
N2
∑
j<k
(1− cos(cj − ck + (uj − uk)π)),
where the sum runs over all sets of signs satisfying (6.12). The sums can be exchanged and
we obtain
1
2N−1
1
N2
∑
j<k
∑
{u}N
(1− cos(cj − ck + (uj − uk)π)) = 1
2N−1
1
N2
∑
j<k
2N−1 =
N − 1
2N
.
We now consider the cases where there are two rapidity differences. Let a and b with a < b
denote the positions of the differences. Then the rapidities can be parametrized as
pBj =


cj + ujπ if j 6= a, b
ca + uaπ if j = a
cb + ubπ if j = b
and pCj =


cj + ujπ if j 6= a, b
ca + uaπ + π if j = a
cb + ubπ + π if j = b
,
where condition (6.12) is assumed. The determinant is
det
N
T˜ (1)({pC}N , {pB}N ) = − 1
2N2
(1− cos(ca − cb + (ua − ub)π)). (6.15)
The contribution of these cases to the EFP is
− 1
N2
∑
a<b
∑
{u}N
1
2N−1
e−4it(cos(ca+uaπ)+cos(cb+ubπ))(1 − cos(ca − cb + (ua − ub)π)),
where we used that
e(p)− e(p+ π) = −4 cos(p).
The summation over the u variables can be performed leading to
− 1
N2
∑
a<b
[cos(4 cos(ca)t) cos(4 cos(cb)t) + sin(4 cos(ca)t) sin(4 cos(cb)t) cos(ca − cb)] .
Finally we obtain the finite-volume EFP as
〈Ψ0|E(1)(t)|Ψ0〉 = N − 1
2N
− 1
N2
∑
a<b
[cos(4 cos(ca)t) cos(4 cos(cb)t) + sin(4 cos(ca)t) sin(4 cos(cb)t) cos(ca − cb)] .
Alternatively this can be written as
〈Ψ0|E(1)(t)|Ψ0〉 = 1
2
− 1
2
(
1
N
∑
a
cos(4 cos(ca)t)
)
− 1
2
∣∣∣∣∣ 1N
∑
a
sin(4 cos(ca)t)e
ica
∣∣∣∣∣
2
.
We can take the thermodynamic limit with a fixed t:
〈Ψ0|E(1)(t)|Ψ0〉 = 1
2
− 1
2
(∫ π
0
dp
π
cos(4 cos(p)t)
)2
− 1
2
∣∣∣∣
∫ π
0
dp
π
sin(4 cos(p)t)eip
∣∣∣∣
2
. (6.16)
For the initial value this formula gives 〈Ψ0|E(1)|Ψ0〉 = 0, as expected. In the long-time limit
the integrals become oscillatory and we have
lim
t→∞
〈Ψ0|E(1)(t)|Ψ0〉 = 1
2
. (6.17)
This agrees with the GGE prediction.
To our best knowledge formula (6.16) is the first closed form result result for the real
time dynamics of a local observable in a genuinely interacting infinite volume system.
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6.2 Quench from |Ψ0〉 = |F10〉
Here we consider the quantum starting from the state |F10〉 defined in (4.3). The initial
state is not translationally invariant, but we argued in the previous section that translational
invariance is restored in the long time limit. Therefore we expect that the Diagonal Ensemble
applies for the local operators.
The state |F10〉 is invariant with respect to translation by two sites, therefore the only
states with non-vanishing overlap are those with total pseudo-momentum equal to 0 or π.
The particle number is N = L/2. The normalized overlaps are computed from (5.3) with
xk = 2k and the norm formula (5.5):
|〈F10|{p}N〉|2
〈{p}N |{p}N〉 =
1
L(L+N)(N−1)
∣∣∣det((aj)3k)∣∣∣2 = 1
2N(3N)(N−1)
∏
j<k
|a3j − a3k|2. (6.18)
The Bethe equations take the form
a3Nj = (−1)N−1
N∏
k=1
ak.
For simplicity we assume that N is even and first consider states with zero total momentum.
In this case the solutions are of the form
aj = e
ipi(2Ij−1)
3N , Ij = 1 . . . 3N.
Therefore, the Bethe state is described by a subset
{a}N ⊂ {w}3N , wj = e
ipi(2j−1)
3N .
The numbers wj can be arranged in triplets as
{w}3N = {wj, wjeiπ/3, wje2iπ/3}Nj=1.
It follows from (6.18) that the overlap is non-vanishing whenever exactly one member is
chosen from each triplet. There are a total number of 3N−1 such states. The overlap does
not depend on these choices, and applying the identity (6.5) in this case leads to
|〈F10|{p}N〉|2
〈{p}N |{p}N〉 =
1
2 · 3N−1 . (6.19)
It is easy to see that the same result is obtained for states with total pseudo-momentum equal
to π. Therefore all states with non-vanishing overlap have an equal weight in the Diagonal
Ensemble. In the infinite volume limit the DE will be dominated by states where the choices
from the triplets are random, and this leads to
ρr(p) =
1
2
, ρh(p) = 1,
ρr(p)
ρr(p) + ρh(p)
= 1/3.
This result agrees with the predictions of the GGE.
We also consider the long-time limit of the one-site and two-site EFP’s. In the initial
state the one-site EFP is not translationally invariant: it is equal to zero (one) on the even
(odd) sites, respectively. We conjectured that translational invariance is restored in the long
time limit, and from (5.11) we obtain
lim
t→∞
〈Ψ0|E(1)(t)|Ψ0〉 = 2
3
.
On the other hand, the two-site EFP is translationally invariant at all times, its initial value
is zero, and for the long time limit we obtain from (5.12)
lim
t→∞
〈Ψ0|E(2)(t)|Ψ0〉 = 4
9
.
The calculation of the exact time dependence is more challenging in this case, because the
matrix elements between states with different total momentum have a more complicated
structure than those treated in 6.1.1. We leave this problem to further research.
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7 Free bosons
Here we consider the model in the q → 1 limit, which is a free bosonic theory defined by
the Hamiltonian
H = −
L−1∑
j=0
(b†jbj+1 + b
†
j+1bj − 2Nj). (7.1)
For later convenience we indexed the sites in (7.1) from 0 to (L − 1).
It was shown in [16] that if a model is quenched from any state to a free Hamiltonian, then
the GGE holds whenever the initial state satisfies the cluster decomposition principle. The
proof of [16] also applies to the lattice model of free bosons, and the initial states considered
in the previous sections satisfy the cluster decomposition principle. Therefore the GGE must
be valid in these cases.
The goal of the present section is to derive explicit formulas for the time dependence of
simple observables, and to demonstrate that the GGE predictions are indeed correct, and
that translational invariance is restored in the large time limit. We consider two initial states:
|Ψ0〉 = |F1〉 and |Ψ0〉 = |F20〉.
They have the same particle density n = 1 and according to the GGE they should lead to
the same stationary state. As physical observables we choose the one-site particle number
operators Nj and their square N
2
j . We first evaluate their exact time evolution, and then
show that in the long time limit they approach the GGE predictions. The calculations below
are straightforward and elementary. Nevertheless, we felt that it is useful to present them,
so that both the q →∞ and q = 1 points can be benchmarks for the generic q case.
The model is diagonalized with the Fourier modes of the one-site bosonic operators:
b˜k =
1√
L
L−1∑
n=0
bne
−i2πkn/L b˜†k =
1√
L
L−1∑
n=0
b†ne
−i2πkn/L.
The following commutation relation holds:
[b˜j , b˜
†
k] = δj,k.
In terms of the Fourier modes the Hamiltonian can be written as
H =
L−1∑
k=0
ǫkb˜
†
k b˜k,
where
ǫk = 4 sin
2(pk/2), with pk =
2πk
L
.
Therefore the time dependence of the operators (in the Heisenberg picture) is
b˜†k(t) = b˜
†
ke
−iǫkt b˜k(t) = b˜ke
iǫkt.
We will consider the particle number operators on site 0 and 1:
N0 =
1
L
∑
j,k
b˜†j b˜k N1 =
1
L
∑
j,k
b˜†j b˜ke
2πi(j−k)/L.
Their time-dependence is
N0(t) =
1
L
∑
j,k
b˜†j b˜ke
i(ǫj−ǫk)t N1(t) =
1
L
∑
j,k
b˜†j b˜ke
2πi(j−k)/Lei(ǫj−ǫk)t.
For their squares we obtain
N20 =
1
L2
∑
j1,j2,k1,k2
b˜†j1 b˜
†
j2
b˜k1 b˜k2 +N0
N21 =
1
L2
∑
j1,j2,k1,k2
b˜†j1 b˜
†
j2
b˜k1 b˜k2e
2πi(j1+j2−k1−k2)/L +N1,
(7.2)
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with the time dependence given by
N20 (t) =
1
L2
∑
j1,j2,k1,k2
b˜†j1 b˜
†
j2
b˜k1 b˜k2e
i(ǫj1+ǫj2−ǫk1−ǫk2 )t +N0(t)
N21 (t) =
1
L2
∑
j1,j2,k1,k2
b˜†j1 b˜
†
j2
b˜k1 b˜k2e
2πi(j1+j2−k1−k2)/Lei(ǫj1+ǫj2−ǫk1−ǫk2)t +N1(t).
7.1 Quench from |Ψ0〉 = |F1〉
In this case the initial state is given by
|Ψ0〉 = |F1〉 = b†l−1 . . . b†1b†0|0〉.
This state is translationally invariant, therefore it is enough to consider the operators on site
0. In calculating the local observables below we will make use of the commutation relations
[b˜k, b
†
n] =
1
L
e−i2πkn/L, [bn, b˜
†
k] =
1
L
ei2πkn/L.
For the time dependence of the particle number operator we obtain
〈F1|N0(t)|F1〉 = 1
L2
∑
j,k
ei(ǫj−ǫk)t
∑
n
e−i2π(k−j)n/L =
1
L
∑
j
1 = 1.
This is the expected result, because the total particle number is conserved and the system
is translationally invariant at all times.
For the expectation value of N20 we obtain
〈F1|N20 (t)|F1〉 = 〈F1|N0(t)|F1〉+
1
L4
∑
j1,j2,k1,k2
ei(ǫj1+ǫj2−ǫk1−ǫk2 )t
∑
n1>n2
(e−i2π((k1−j1)n1+(k2−j2)n2)/l + perm.)
= 3− 2
L3
∑
j1,j2,k1
ei(ǫj1+ǫj2−ǫk1−ǫj1+j2−k2 )t.
Performing the infinite volume limit for fixed t leads to
〈F1|N20 (t)|F1〉 = 3− 2
∫ π
−π
dp1
2π
dp2
2π
dq1
2π
ei(ǫ(p1)+ǫ(p2)−ǫ(q1)−ǫ(p1+p2−q1))t,
where
ǫ(p) = 4 sin2(p/2).
For t = 0 the above formula yields 〈F1|N20 |F1〉 = 1, as expected. For t → ∞ the integrals
become strongly oscillatory and this leads to
lim
t→∞
〈F1|N20 (t)|F1〉 = 3.
7.2 Quench from |Ψ0〉 = |F20〉
Here we consider the quench from the initial state
|Ψ0〉 = |F20〉 = 1√
2L/2
b†l−2b
†
l−2 . . . b
†
2b
†
2b
†
0b
†
0|0〉.
We compute the time evolution of the one-site particle number operators. The initial state
is two-site shift invariant, therefore it is sufficient to consider the operators N0(t) and N1(t).
For the time evolution of N0(t) we obtain
〈F20|N0(t)|F20〉 = 1
2L2
∑
j,k
ei(ǫj−ǫk)t
(l−2)/2∑
n=0
4e−i2π(k−j)2n/L =
=
1
L
∑
j,k
ei(ǫj−ǫk)t(δj,k + δj−k,L/2) =
= 1 +
1
L
∑
j
ei(ǫj−ǫj+L/2)t.
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In the thermodynamic limit this leads to
〈F20|N0(t)|F20〉 = 1 +
∫ π
−π
dp
2π
ei(ǫ(p)−ǫ(p+π))t.
Similarly
〈F20|N1(t)|F20〉 = 1
2L2
∑
j,k
ei(ǫj−ǫk)te2πi(j−k)/L
(l−2)/2∑
n=0
4e−i2π(k−j)2n/L =
=
1
L
∑
j,k
ei(ǫj−ǫk)t(δj,k − δj−k,L/2) =
= 1− 1
L
∑
j
ei(ǫj−ǫj+L/2)t,
leading to
〈F20|N1(t)|F20〉 = 1−
∫ π
−π
dp
2π
ei(ǫ(p)−ǫ(p+π))t.
In the initial state 〈F20|N0|F20〉 = 2 and 〈F20|N1|F20〉 = 0, whereas in the long time limit
we have
lim
t→∞
〈F20|N0(t)|F20〉 = lim
t→∞
〈F20|N1(t)|F20〉 = 1.
For the squared operators similar but somewhat lengthier calculations result in
〈F20|N20 (t)|F20〉 =3 + 5
∫ π
−π
dp
2π
ei(ǫ(p)−ǫ(p+π))t + 2
(∫ π
−π
dp
2π
ei(ǫ(p)−ǫ(p+π))t
)2
+
− 3
∫ π
−π
dp1
2π
dp2
2π
dq1
2π
ei(ǫ(p1)+ǫ(p2)−ǫ(q1)−ǫ(p1+p2−q1))t
− 3
∫ π
−π
dp1
2π
dp2
2π
dq1
2π
ei(ǫ(p1)+ǫ(p2)−ǫ(q1)−ǫ(p1+p2−q1+π))t
and
〈F20|N21 (t)|F20〉 =3− 5
∫ π
−π
dp
2π
ei(ǫ(p)−ǫ(p+π))t + 2
(∫ π
−π
dp
2π
ei(ǫ(p)−ǫ(p+π))t
)2
+
− 3
∫ π
−π
dp1
2π
dp2
2π
dq1
2π
ei(ǫ(p1)+ǫ(p2)−ǫ(q1)−ǫ(p1+p2−q1))t
+ 3
∫ π
−π
dp1
2π
dp2
2π
dq1
2π
ei(ǫ(p1)+ǫ(p2)−ǫ(q1)−ǫ(p1+p2−q1+π))t.
At t = 0 we have 〈F20|N20 |F20〉 = 4 and 〈F20|N21 |F20〉 = 0, whereas in the long time limit
lim
t→∞
〈F20|N20 (t)|F20〉 = limt→∞ 〈F20|N
2
1 (t)|F20〉 = 3.
Thus we have demonstrated on these simple examples that non-trivial observables indeed
become translationally invariant, and approach the same values as in the case of the initial
state |F1〉.
7.3 GGE predictions
In a free theory the GGE can be built conveniently using the mode occupation numbers.
We define
ρGGE =
e−
∑L
j=0 βj I˜j
Tr(e−
∑
L
j=0 βj I˜j )
, I˜j = b˜
†
j b˜j .
This construction is equivalent to a GGE built from the local charges, which are the Fourier
components of I˜j :
Il =
L−1∑
j=0
ei
2pijl
L I˜j =
L−1∑
n=0
b†n+lbn.
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The Lagrange multipliers have to be fixed by the initial values of the charges, which are
〈F1|I˜j |F1〉 = 〈F20|I˜j |F20〉 = 1.
On the other hand
Tr
(
ρGGE I˜j
)
=
Tr
(
e−βj I˜j I˜j
)
Tr
(
e−βj I˜j
) = 1
eβj − 1 ,
which leads to βj = log(2). All Lagrange multipliers are equal, therefore the GGE density
matrix only depends on the total particle number operator. Note that the same result was
found also in the interacting case, see eq. (4.2).
The GGE predictions for the operator N20 can be evaluated using (7.2) and Wick’s the-
orem and we find
Tr
(
ρGGEN
2
0
)
= 3.
This result agrees with the asymptotic values derived in the previous two subsections, as
expected.
8 Discussion and Outlook
In this paper we considered quantum quenches in the q-boson model. First we showed that
the Generalized Eigenstate Thermalization Hypothesis holds in this system, therefore the
GGE gives the correct asymptotic states if the initial state satisfies the cluster decomposition
principle. The role of the latter is to ensure that the Diagonal Ensemble only includes states
having the same mean values for the charges as the initial state.
Concentrating on simple initial states which have fixed one-site occupation numbers we
were able to provide the GGE predictions. Surprisingly we found that for these initial states
the resulting root densities are ρr(p) = n, where n is the overall particle density. This result
means that any two states within this family which have the same particle density will also
have the same stationary behaviour.
We also considered the q →∞ limit of the system, where the exact overlaps are given by
Schur polynomials, which can be expressed as determinants. For two initial states we were
able to determine which states populate the Diagonal Ensemble. As a consequence we proved
that in the thermodynamic limit the GGE predictions are correct. We believe that this is
the first time that the GGE was proven to be valid in a model which is neither a free theory,
nor solvable by free fermions. For the quench starting from |Ψ0〉 = |F1〉 we calculated the
exact time dependence of the one-site Emptiness Formation Probability (EFP). To our best
knowledge this is the first time that an analytic result has been obtained for the real time
dynamics of an observable in a genuinely interacting system, valid both in finite volume and
in the thermodynamic limit.
A few comments about our results are in order.
The initial states that we considered are very special. They are not entangled at all,
and they are pure Fock states in the local bosonic basis. However, they are very reasonable
choices from a physical point of view. The states |Fn〉 are exact ground states of the infinitely
repulsing Bose-Hubbard model with a given filling n, or they are approximate ground states
for large repulsion parameters. Also, they could be realized in experimental situations. The
state |F10〉 can be considered as an analogue of the Néel state in the spin-1/2 XXZ spin chain,
which has been the subject of a large body of recent theoretical works (see [19, 17, 54] and
references therein). The XXZ model can be described as a theory of interacting fermions with
attractive coupling, whereas here we dealt with an interacting bosonic system with repulsive
coupling, so the physical behaviour can be markedly different. However, our initial states
themselves are not more exceptional than the Néel state or other states considered elsewhere
in the literature.
The q-boson model has been used previously as a lattice regularization of the continuum
Lieb-Liniger model [39, 29]. Here we focused on the lattice model in its own right. In fact, all
initial states become ill-defined if we take the scaling limit towards the Lieb-Liniger model,
because they have fixed particle density in lattice units, which leads to infinite density in the
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continuum limit. One could consider a special limit where the initial state is also changed as
we approach the Lieb-Liniger model, such that the final particle density is finite. This way
we would obtain an initial state where particles are localized with Dirac-delta functions at a
fixed distance from each other. However, these states are not normalizable and they excite
Bethe states with arbitrarily high energy, therefore this would not be a well-defined quench
problem either. We wish to stress that our initial states have just the opposite structure as
those considered previously in [29, 31]: they are sharply localised in real space, as opposed
to the Bose-Einstein condensate (BEC) states which are localised in momentum space.
In Section 6 we considered the q → ∞ limit and in two cases we obtained the exact
overlaps in a product form (eqs. (6.2) and (6.18)). The simplicity of this result is certainly
a special property of both the model and the initial states, but already these cases show
different behaviour than expected. In quantum quenches of the XXZ spin chain and the
Lieb-Liniger model it was found that in the on-shell case (when the rapidities satisfy the
Bethe equations) only those states have non-zero overlap which are formed out of (p,−p)
rapidity pairs [31, 55, 56]. In the q-boson model, on the other hand, we found completely
different conditions. For example for |Ψ0〉 = |F1〉 the requirement for the overlap to be
non-vanishing is
e2ipj 6= e2ipk for j 6= k.
The q →∞ limit of the model is regular, the finite volume overlaps are continuous functions
of q, therefore the pairing requirement does not hold for finite q either.
In the previously considered quench problems the Quench Action method [18] was used
to find the stationary states [31, 17, 19]. The Quench Action is a functional of the root and
hole densities and is given by a combination of the overlaps and the micro-canonical entropy
associated to a given root configuration. Finding the minimum of the QA provides the states
which populate the system after the quench. In the XXZ chain and the Lieb-Liniger model
the on-shell overlaps could be written in the form [31, 55, 56]
|〈Ψ0|{p}N〉|2
〈{p}N |{p}N〉 = C({p}N)
N∏
j=1
v(pj), (8.1)
where the pre-factor C behaves as O(L0) in the thermodynamic limit. This made it possible
to write the QA as simple integrals over the root and hole densities, thus making a TBA-like
analysis possible. In the present case the on-shell overlap formulas (6.5) and (6.19) are so
simple that the conclusions could be drawn immediately and there was no need to apply the
machinery of the QA approach. However, the non-zero on-shell overlaps are actually of the
form (8.1). For example for |Ψ0〉 = |F1〉 we have
v(p) =
1
2
and C = 2
This trivially leads to a constant root density.
As a final comment we note that even though we confirmed the GGE hypothesis in the
q-boson model, we did not make use of the GGE density matrix in any way. We assumed
that the Diagonal Ensemble is valid, and argued that the GETH holds. Then the predictions
for the long-time limit of the observables could be calculated as soon as the root density
ρr(p) was obtained from the charges. The generalized TBA equations (3.5) were only used to
calculate the Lagrange multipliers. Therefore it might be more appropriate to call our results
the “DE+GETH predictions” instead of the “predictions of the GGE”. This behaviour might
be a generic feature of interacting integrable models: If the GETH holds, then there must be
a one-to-one correspondence between the charges and the root densities, therefore the GGE
density matrix and the associated TBA equations are not needed. On the other hand, if the
GETH does not hold, then the TBA analysis of the GGE density matrix is expected to give
wrong predictions [23, 24].
Below we list a number of open questions, which deserve further investigation.
• For a generic q is there a formula of the form (8.1) for the overlaps? The wave functions
are given by Hall-Littlewood functions [40], and the overlaps with the pure Fock states
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are specific components of the wave function. It might be possible that determinant
formulas could be found, if one makes use of the Bethe equations. Note that the Quench
Action method can only agree with the GGE if the function v(p) appearing in (8.1) is
a constant. In any other case the resulting root density would not be constant, and this
would contradict the GGE prediction.
• Results for local correlation functions of the q-boson model are very limited. Mean
values are only known for the charges and their derivatives with respect to η = log(q)
(see Subsection 3.1). It would be useful to derive new results for other operators, for
example the m-site Emptiness Formation Probability.
• If the initial state is not translationally invariant, does this symmetry get restored in
the long time limit? We argued that it does, but were not able to give a proof.
• Is it possible to derive GGE predictions for other initial states? There are no closed
form formulas for the higher charges, but a truncated GGE can be established with the
already available results [29]. In the case of the XXZ spin chain a generating function
for the higher charges was constructed in [21] and it was shown how to compute it
for simple product states. It is an open question whether the method of [21] can be
generalized to the q-boson model.
• In the q → ∞ limit both the overlaps and the matrix elements of local operators
are known and they take a relatively simple form [53, 49, 51]. Moreover, the Bethe
equations can be solved explicitly. These two properties allowed us to compute the
time-dependence of the one-site EFP in the case of |Ψ0〉 = |F1〉. We believe that this
result could be extended to other operators. For example, the m-site EFP could be
calculated with the same methods, such that result could be expressed as sums of
products of simple integrals. It is an open question, whether exact calculations are
possible for other operators or other initial states.
• In Section 5 we found that in the q → ∞ limit the excited state mean values of the
m-site EFP only depend on the mean values of the first m charges and the particle
density. This opens up a way to give exact GGE predictions even for those initial states
where the full root density can not be reconstructed. For example, if the mean value
of the first charge I1 =
∑
j φ
†
jφj+1 can be calculated in the initial state, then (5.11)
already gives the exact prediction for the long-time limit of the 1-site EFP. This could
be used as a further check of the Diagonal Ensemble and the GGE, if the time evolution
could be simulated by independent numerical methods.
Also, the relation between the EFP and the charges deserves further attention. It would
be interesting to find a closed form result for the m-site EFP with m > 2.
• In this work we demonstrated that the GGE is valid in the q-boson model. We argued
that it holds for arbitrary q and have rigorously proven it in the q → ∞ limit in two
special cases. The essential points were that the model has one particle species, all
charges have finite values, and the GETH could be proven directly.
One of the most interesting open questions is whether there are other models where
the GGE (built on the local charges only) gives a correct description of the stationary
states.
We hope to return to these questions in further research.
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